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Design and Analysis of a Totally Decoupled
Flexure-Based XY Parallel Micromanipulator

Yangmin Li, Senior Member, IEEE, and Qingsong Xu

Abstract—In this paper, a concept of totally decoupling is pro-
posed for the design of a flexure parallel micromanipulator with
both input and output decoupling. Based on flexure hinges, the de-
sign procedure for an XY totally decoupled parallel stage (TDPS)
is presented, which is featured with decoupled actuation and de-
coupled output motion as well. By employing (double) compound
parallelogram flexures and a compact displacement amplifier, a
class of novel XY TDPS with simple and symmetric structures are
enumerated, and one example is chosen for further analysis. The
kinematic and dynamic modeling of the manipulator are conducted
by resorting to compliance and stiffness analysis based on the ma-
trix method, which are validated by finite-element analysis (FEA).
In view of predefined performance constraints, the dimension op-
timization is carried out by means of particle swarm optimization,
and a prototype of the optimized stage is fabricated for perfor-
mance tests. Both FEA and experimental studies well validate the
decoupling property of the XY stage that is expected to be adopted
into micro-/nanoscale manipulations.

Index Terms—Dynamics, kinematics, mechanism design,
micro-/nanorobots, parallel robots.

I. INTRODUCTION

NOWADAYS, compliant positioning stages with ultrahigh
precision play more and more important roles in applica-

tions where a high-resolution motion over a microrange is ex-
pected in the cases of microelectromechanical system (MEMS)
sensors and actuators, optical fiber alignment, biological cell
manipulation, and scanning probe microscope. An XY transla-
tional stage is needed in an atomic force microscope (AFM) [1]
for scanning of the probe over samples to get information such
as surface profile of the scanned materials. A great number of
compliant stages proposed for the pertinent applications can
be found in the literature [2]–[7]. Compliant stages based on
flexure hinges transmit motions by resorting to elastic defor-
mation of the material [8]. The flexures instead of conventional
mechanical joints endow a mechanism with several advantages
including no backlash, no friction, vacuum compatibility, and
easy to manufacture [9]. This paper is concentrated on the inves-
tigation of compliant XY manipulators due to their promising
applications in micro-/nanofields. Some XY stages are com-
mercially available from a number of companies including the
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PI, Thorlabs, etc. However, most commercial products adopt a
stacked or nested structure with two 1-DOF positioning stages.
The serial connection of two stages enables a simple control
strategy since the X and Y translations can be controlled inde-
pendently, which is at the expense of a high inertia, low natural
frequency, and cumulative errors. To overcome such drawbacks,
an XY stage with parallel architecture [10], [11] is a potential
alternative. A parallel kinematic structure can be adopted in a
flexure mechanism due to its contribution to high load-carrying
capacity, high accuracy, low inertia, and compact size. Some
XY stages with parallel kinematics are reported in the literature
of [12]–[18], and some of them have been commercialized.

However, most of the proposed positioning stages have a
coupled motion and stress stiffening effect. In compliant mech-
anisms, stress stiffening means the stiffening of a structure due
to its stress state, which usually arises from overconstraint,
and augments the transverse stiffness in the presence of ax-
ial stresses [19]. This phenomenon should be avoided since it
brings amplified forces and reduced strokes to the structure, and
accordingly causes nonlinearities to actuation [20]. Moreover,
in situations where the stage is underactuated or the sensory
feedback of the mobile platform (output platform of the stage)
positions is not allowed, a decoupled XY stage with proper cal-
ibrations is preferred [21]. A decoupled stage usually means
that one actuator produces only one axial output motion of the
mobile platform. The term “decoupled” refers to the output
decoupling of the stage. Nevertheless, input decoupling of com-
pliant stages is seldom paid attention since it emphasizes on
the isolation of actuation instead. When the stage is driven by
one actuator, other actuators may suffer from undesired (such
as bending) loads due to the movement of the mobile platform,
or clearances may exist between other actuators and interfaces
with the stage [22].Corresponding to output decoupling, the in-
put decoupling can be defined as the isolation of actuation for a
compliant stage [21].

In this paper, the idea of totally decoupling is extended from
the aforementioned two decoupling concepts to design a com-
pliant parallel micromanipulator. Hence, a totally decoupled
parallel stage (TDPS) is defined as a compliant parallel posi-
tioning stage with both input and output decoupling. The design
of a TDPS is a challenging work even for an XY stage. Among
previous works dedicated to compliant XY parallel stages, the
design of a totally decoupled one is pioneered in [21] and [23]
using double parallelogram leaf flexures. The presented XY
stages are directly driven by linear actuators without displace-
ment amplifiers, which results in a stage workspace equal to
the stroke of actuators. In case that the stroke is not satisfied,
a displacement amplification device is a nice choice. However,
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additional amplifiers for those stages will complicate their struc-
tures even more. The main contribution of the current research is
the integrated design of a class of XY TDPS with displacement
amplifiers. Compared to previous XY stage in [21], which pos-
sesses a rotation-symmetric structure, the TDPS presented here
is mirror-symmetric instead, which is superior to the former in
terms of accuracy performance. Besides, with comparison to
the mirror-symmetric XY stage evolved in [23], the architecture
of the current stage is designed much simpler for the ease of
manufacture from economical point of view. On the other hand,
it is observed that the proposed XY TDPS is similar to the four
prismatic–prismatic (PP) mechanism presented in [14], [17],
and [18]. An insightful comparison reveals that the four outer P
joints adopt double compound parallelogram flexures whereas
the four inner P joints employ simple parallelogram flexures in
the said mechanism. Thus, parasitic translations exist in the two
working axes [14]. In contrast, the proposed stage possesses
fully decoupled output motion without crosstalk between the
two axes in theory since all the P joints are implemented with
double compound parallelogram flexures.

In the remainder of the paper, the design and enumeration of
an XY TDPS are presented in Section II, where one stage is
proposed as an example for the subsequent studies. Based on
the matrix method used in Section III, compliance and stiffness
modeling of the stage are performed in Section IV, and kine-
matics and dynamics analyses are conducted in Section V, both
with finite-element analysis (FEA) validations. Then, the opti-
mal dimension design of the stage is carried out in Section VI
by means of particle swarm optimization (PSO), and the perfor-
mances of the resulted stage are tested by FEA in Section VII.
Moreover, the stage is fabricated along with experiments con-
ducted in Section VIII. Finally, some concluding remarks are
summarized in Section IX.

II. DESIGN AND ENUMERATION OF AN XY TDPS

A. Design of a Decoupled XY Compliant Stage

In rigid-body mechanism, a planar parallel manipulator with
two translational motions can be synthesized via the screw the-
ory [24], [25] or Lie groups approach [26], [27], etc. For ex-
ample, the structure can be designed as 5R, PRRRP, RPRPR
[11], [28], 2-PPa [29], and 2-RPa, etc., where the notations
of R, P, and Pa denote the revolute, prismatic, and parallelo-
gram joints, respectively. In order to design a decoupled XY
compliant stage, an overconstrained 2-PP parallel mechanism is
employed due to its simple structure, as shown in Fig. 1, where
two configurations are produced according to the inside or out-
side assembly of the mobile platform. Although a rigid-body
2-PP parallel manipulator cannot work properly without joint
clearances, a 2-PP compliant mechanism can still operate well
due to the compliances of flexure elements. With an orthogonal
arrangement of the two PP limbs, the X and Y translations of a
2-PP mechanism will be decoupled as long as ideal P joints are
used. Furthermore, by adopting compound parallelogram flex-
ures, four typical P joints without stiffening and buckling are
sketched in Fig. 2, where the ideal translations of the primary
stages without cross-axis errors are enabled by assigning the

Fig. 1. Schematic diagram of a 2-PP parallel mechanism.

Fig. 2. Typical P joints employing compound parallelogram flexures.

Fig. 3. Conceptual design of an XY stage with decoupled motion.

same length (l) to the four limbs. Based on these basic joints, a
number of flexure XY parallel stages can be enumerated.

For example, by adopting the flexure P joints, as shown in
Fig. 2(a) and (d), conceptual designs of a decoupled XY stage
are proposed in Fig. 3(a) and (b), respectively, where the scheme
in Fig. 1(a) is used as an illustration. Once actuated by two linear
actuators that are mounted by rigid connections at the interfaces,
the output translations of the stage are decoupled. However,
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Fig. 4. Double compound parallelogram flexure stages with large transverse
stiffness.

transverse loads or bending moments are exerted on the mounted
actuators at the same time, which will cause damages to linear
actuators such as piezoelectric actuator (PZT). This is one of
the reasons why actuation decoupling is desirable in an XY
stage. In order to implement actuator decoupling, an additional
P joint can be added between each actuator and the stage as
a decoupler or bearing, whose roles are to transmit axial force
of actuator, and prevent the actuator from suffering undesired
lateral motions and loads as well.

It follows that the bearing should possess both a high compli-
ance in its working direction and a high stiffness in transverse
direction at the same time. In this sense, the transverse stiff-
ness of the P joints, as shown in Fig. 2, may not be sufficient,
which can be enhanced by combining two identical P joints in
parallel to form a double compound parallelogram flexures, as
illustrated in Fig. 4. Each of the four pure translational stages
can be adopted as a bearing to achieve the goal of input decou-
pling. For instance, by employing the flexure, as described in
Fig. 4(b), two totally decoupled XY parallel stages are designed,
as shown in Fig. 5, from which a mirror-symmetric (or double
symmetric) structure with respect to both x- and y-axis can be
generated by adding two auxiliary limbs to each stage.

B. Design of a TDPS With Displacement Amplifier

PZT is widely used in precision instruments due to its major
advantages of large blocking force, high stiffness, fast response,
and compact size. Comparing with other types of linear actua-

Fig. 5. XY TDPS without displacement amplifier.

Fig. 6. (a) Original displacement amplifier and (b) an improved displacement
amplifier with high transverse stiffness.

tors, the main drawback of PZT lies in its small travel stroke. If
the stroke of the adopted PZT cannot meet application require-
ments, a proper amplification mechanism will be exploited to
suit the needs.

As far as the designed XY stage with piezoactuation is con-
cerned, once a large-stage workspace is demanded, the stroke
of the PZT can be amplified by adopting any types of lever
mechanism connecting to the decoupler. Even so, in order to
design an XY stage with a compact and simple structure, and
to fully exploit the large blocking force and stiffness of PZT,
the displacement amplification device, as illustrated in Fig. 6(a),
is employed. It has been shown in [30] and [31] that this type
of amplifier possesses a number of merits including a compact
size and large amplification ratio. However, this amplifier has a
relatively low transverse stiffness at its output end and cannot
guarantee a linear output motion. For the sake of enhancing the
transverse stiffness while maintaining the same shape and size of
flexure hinges, the amplifier is improved, as shown in Fig. 6(b),
which acts as a decoupler and has the roles of both linear mo-
tion guide and displacement amplification [18]. By replacing
the bearing between PZT and XY stage with the proposed dis-
placement amplifier, one resulted XY TDPS is shown in Fig. 7
as an illustration, where a symmetric structure is adopted due to
its contribution to performance improvement of the stage.

Since the bearings, as shown in Fig. 4, are sufficient to isolate
actuators, the employed displacement amplifier is a redundant
design to provide actuator decoupling. One limitation of the
amplifier lies in the movable mass of actuator, which arises from
the fact that the entire actuator translates d/2 along a direction
vertical to actuation axis once the amplifier is driven to produce
an output displacement of d. The movement of actuator should
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Fig. 7. Symmetric XY TDPS with displacement amplifier.

be considered in physical modeling of the stage for a precision
control purpose, especially as the value of d/2 reaches to a
macroscale.

Note that any other types of flexure hinges (e.g., elliptical,
right angle, and corner-filleted hinges) can be adopted in the
compliant stage design, although only the right circular hinge
is employed here. As an example, the modeling and evaluation
of the XY stage, as shown in Fig. 7, will be conducted in the
following discussions.

III. COMPLIANCE MODELING OF FLEXURE MECHANISMS

BASED ON MATRIX METHOD

The compliant mechanisms can be modeled through various
approaches [32]. The mostly used techniques are based upon
simplifications such as the well-known pseudorigid body (PRB)
method [33]. However, PRB model cannot be utilized for a com-
plete compliance/stiffness analysis since it only considers the
compliances of flexures in their working directions. To establish
a full kinematic or compliance/stiffness model of a compliant
mechanism, nonlinear modeling approach in view of deforma-
tions (in terms of bending, torsion, and tensile/compression) of
each component of the mechanism can be executed. However,
the fully modeling is not a straightforward work since numerous
integral operations are involved. As a compromise, the lumped
model of a flexure with the consideration of 6-D (or concerned)
compliance in space can be employed. Such a lumped model can
be derived effectively by the matrix method under the assump-
tion of Hooke’s law for the material, since matrix operations can
be easily conducted with higher calculation efficiency [34]–[37].
In what follows, the matrix-based compliance/stiffness mod-
eling is demonstrated and confirmed on the proposed
XY TDPS.

It is known that a 6 × 6 compliance (or stiffness) matrix model
for each flexure element can be expressed in its local coordinate

Fig. 8. Parameters of a flexure hinge with coordinates.

system. The compliance matrix for a right circular flexure hinge
with the coordinate frame assigned in Fig. 8 can be written as

Ch =




∆x

∆Fx
0 0 0 0 0

0
∆y

∆Fy
0 0 0

∆y

∆Mz

−−−−−−−−− −−− −−− −−−−−
0 0

∆z

∆Fz
0

∆z

∆My
0

0 0 0
∆θx

∆Mx
0 0

0 0
∆θy

∆Fz
0

∆θy

∆My
0

−−−−−−−−− −−− −−− −−−−−
0

∆θz

∆Fy
0 0 0

∆θz

∆Mz




(1)
where the compliance factors in the matrix have been derived
in several references, and the equations with best accuracy, as
reviewed in [38], are adopted in this paper. The Ch represents
the compliance of free end Oi with respect to the other fixed
end. It has been shown in [39] that the compliance matrix for
a flexure hinge can be made diagonal by a proper choice of
local coordinate system. For a planar XY stage investigated
in this paper, the most important compliance factors Ch(1, 1),
Ch(2, 2), and Ch(6, 6) already construct a diagonal form, so
the effort toward diagonalizing the whole compliance matrix is
saved.

Additionally, referring to Fig. 8, the local compliance of the
hinge is defined as C0

i = Ch , where the upper-right superscript
describes the coordinate with respect to which the compliance
is described throughout this paper, and “0” indicates the ground
that will be omitted for the clarity of representation. The com-
pliance Ci can be transferred into another frame Oj by

Cj
i = Tj

i Ci(T
j
i )

T (2)

where the transformation matrix takes on the following form:

Tj
i =

[
Rj

i S(rj
i )R

j
i

0 Rj
i

]
(3)

where Rj
i is the rotation matrix of coordinate Oi with respect to

Oj , rj
i is the position vector of point Oi expressed in reference

frame Oj , and S(r) represents the skew-symmetric operator for
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Fig. 9. Parameters and coordinates for one quarter of the displacement
amplifier.

a vector r = [rx ry rz ]T with the notation

S(r) =




0 −rz ry

rz 0 −rx

−ry rx 0


 . (4)

Generally, a flexure mechanism consists of n individual flex-
ure elements connected in serial or parallel manners. In order
to obtain the compliance model of the entire mechanism, the
local compliances need to be transformed to a common (global)
frame chosen to describe the mechanism. Then, compliances
connected in serial and stiffnesses connected in parallel can be,
respectively, added together to generate the entire model of the
flexure mechanism.

IV. COMPLIANCE AND STIFFNESS MODELING OF THE

XY STAGE

The output compliance CB is defined as the compliance of
point B (where the external force FB is exerted) with respect
to the ground, which reflects the manipulation accuracy of the
manipulator with external forces exerted at the end-effector. On
the contrary, the input stiffness KA is defined as the stiffness of
input end A (where the input force FA is applied) with respect
to the ground, which should not exceed the minimum output
stiffness of the adopted actuator. Note that the compliance and
stiffness models for the mechanism of the stage are established in
this research without considering the compliances of actuators.
To obtain a static model of the mechanism with the considera-
tion of piezoactuators, a methodology, as proposed in [40], can
be employed to establish the relationship between the applied
voltage and output displacement of the stage.

A. Output Compliance Modeling

1) Output Compliance of One Displacement Amplifier: Due
to the double symmetric property, one quarter of the amplifier
is picked out, as shown in Fig. 9(a), for the purpose of analysis.
The output compliance C1

D is defined as the compliance of point
D with respect to the input end O1 .

Due to serial connections, the compliances of D with respect
to O2 and O6 can be, respectively, derived as

C2
D = TD

3 C3(TD
3 )T + TD

5 C5(TD
5 )T (5)

C6
D = TD

7 C7(TD
7 )T + TD

9 C9(TD
9 )T (6)

Fig. 10. Stiffness model of the XY stage with one limb actuated.

where the local compliances Ci = Ch (for i = 3, 5, 7, and 9)
and TD

i are the transformation matrices.
In view of the parallel connection between the two chains

DO5O2 and DO9O6 , compliance C1
D can be obtained as

C1
D = (K1

D )−1 = (K2
D + K6

D )−1

= [(C2
D )−1 + (C6

D )−1 ]−1 . (7)

Assign tlCD as the output compliance of top-left part of the
amplifier with respect to the ground, then tlCD = C1

D , where
the lower-left subscript records a certain part of the concerned
object. Due to the top–down symmetry of the amplifier, the
compliance of the left section can be written as

lCD = tlCD + Tt
d(tlCD )(Tt

d)
T (8)

with the transformation matrix transferring from the down to
the top section

Tt
d =

[
Rx(π) 0

0 Rx(π)

]
. (9)

Then, in view of the left–right symmetry, the compliance of
the whole amplifier can be generated as

CD = (KD )−1 = [(lCD )−1 + (Tl
r )

−T (lCD )−1(Tl
r )

−1 ]−1

(10)
where the transformation matrix from the right to the left section
can be written as

Tl
r =

[
Ry (π) 0

0 Ry (π)

]
. (11)

2) Output Compliance of the XY Stage: The XY stage con-
sists of four individual limbs connected at the center point B in
parallel. For each limb, the compliance CBi at point B can be
derived by taking into account that the decoupler is connected
to the primary stage of P joint (consisting of two parallel chains)
in serial. Then, the output compliance CB of the XY stage can
be obtained by the summation of stiffnesses for the four limbs
in the reference frame B.

B. Input Stiffness Modeling

Once the amplifier 2 is connected to the limb of the XY stage
at point D as a decoupler, it will tolerate the force applied by the
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remainder of the stage at the interface D. Excluding the amplifier
in limb 2, the stiffness model of the stage is graphically depicted
in Fig. 10, which interprets that the three parallel limbs (1, 3,
and 4) are connected at the center point B, and then connected
to point D through limb 2 whose compliances come from the P
joint consisting of two parallel chains between B and D. The
compliance of the XY stage without amplifier 2 can be obtained
as follows:

CD = CB
D + TD

B (L134KB )−1(TD
B )T . (12)

Moreover, the free body diagram of one quarter of amplifier
2 is shown in Fig. 9(b), where the load FDy denotes the force
along the y-direction applied by the XY stage excluding the
amplifier which is actuated by a force Fin . Let CD

A denote the
compliance of input end A with respect to output end D, then
CD

A = CD
1 , which can be derived by the same way as in (7).

Assume that the output end D is fixed. In view of the force–
deflection relationships at the input end, we can generate the
following equations:

uin = c11Fin + c12FDy + c16MAz (13)

uAy = c21Fin + c22FDy + c26MAz (14)

θAz = c61Fin + c62FDy + c66MAz = 0 (15)

where cij (for i, j = 1, 2, and 6) are compliance factors in the
ith row and jth column of the matrix CD

A . The four unknowns
uin , uAy , FDy , and MAz can be derived in terms of Fin from
(13), (14), and (15) along with another equation, which can be
obtained by taking into account the relationship between the
load and deflection along the y-direction

uAy = −d22FDy (16)

where the parameter d22 = CD (2, 2) is a compliance factor of
the matrix CD , and the negative sign indicates the opposite
directions of the force FDy and deflection uAy at the input end
A. In sequence, a necessary calculation allows the derivation of
the input compliance for the XY stage

Cin =
uin

Fin
= c11 −

c16c61

c66

−
(

c12 −
c16c62

c66

)
c21c66 − c26c61

c22c66 − c26c62 + d22c66
(17)

from which, the input stiffness value Kin = 1/Cin can be
derived.

Accordingly, the output motion uAy can be obtained as a
function of the input displacement uin

uAy = Aa uin =
d22(c21c66 − c26c61)uin

(c22c66 − c26c62 + d22c66)Cin
(18)

where Aa denotes the amplification ratio for the amplifier.

C. Stage Amplification Ratio Determination

With reference to Fig. 10, one can observe that when the
stage is driven by the input motion uin , the displacement of
point D along the y-direction is uDy (uDy = uAy ). In view of
the identical force along the y-direction in positions D and B,

TABLE I
MAIN PARAMETERS OF AN XY STAGE

Fig. 11. Finite-element model of the XY stage.

the output displacement at the mobile platform center B can be
determined as

uBy =
b22

d22
uDy (19)

where b22 denotes a compliance factor of compliance matrix
L134CB . Therefore, with the consideration of (18) and (19), the
amplification ratio for the XY stage can be calculated as

As =
uBy

uin
=

b22(c21c66 − c26c61)
(c22c66 − c26c62 + d22c66)Cin

(20)

which partially determines the workspace size of the stage.

D. Model Validation With FEA

The established models for the assessment of output compli-
ance, input stiffness, and amplification ratio of the XY stage are
validated by the FEA through ANSYS software. The architec-
ture parameters of the stage are described in Table I where all
the hinges are designed as identical dimensions, and the mesh
model is created with the element PLANE82. When a displace-
ment is applied at the input end of amplifier 2 (see Fig. 11),
the corresponding input load and output motion of the mobile
platform are obtained to determine the input stiffness and ampli-
fication ratio of the stage. Besides, the output compliance can be
assessed by applying an external force to the mobile platform.

The stage performances evaluated by the derived models and
FEA are elaborated in Table II. Taking FEA results as the bench-
mark, we can observe that the maximum deviation of the derived
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TABLE II
KINETOSTATICS PERFORMANCES OF AN XY STAGE

model from the FEA results is around 20%. The offset mainly
comes from the accuracy of the adopted equations for the com-
pliance factors and the neglect of compliances of the links be-
tween flexure hinges since these links are assumed to be rigid
in the matrix model. To discover the effects of link compliances
on the simulation results, an additional FEA is conducted with
elastic modulus of the links set to be 100 times higher than that
of flexure hinges. By this approach, the deformations of links
are greatly reduced in ANSYS, and the differences between the
stage performances obtained by matrix method and FEA are
within 8%.

V. KINEMATICS AND DYNAMICS ANALYSIS

A. Mobility and Workspace Determination

For a stage with architecture parameters described in Table I,
it can be derived that the output compliance matrix relates the
planar deflections to the corresponding applied forces in such a
manner


ux

uy

θz


 =




6.2e − 6 0 0

0 6.2e − 6 0

0 0 5.3e − 4







Fx

Fy

Mz


 . (21)

The diagonal form of the compliance (stiffness) matrix also
indicates that the motion of the stage is decoupled.

In addition, as a planar mechanism, the number of DOFs
for the stage can be calculated by the Grübler–Kutzbach crite-
rion as three, which indicates that the designed flexure stage is
nonoverconstrained, although it is based on a 2-PP mechanism.
Besides, the passive rotational DOFs of the XY stage can only
be exhibited when the mobile platform subjects to a moment
around the z-axis.

With Q denoting the stroke of the adopted PZT, the workspace
range of the XY stage can be derived as AsQ × AsQ as long
as the stresses due to the rotations (σr ) and axial loads (σt)
of flexure hinges remain within the allowable stress σa of the
material

max{σr , σt} ≤ σa =
σy

na
(22)

where na ∈ (1,∞) is an assigned safety factor and σy denotes
the yield strength of the material.

1) Maximum Stress Subject to Rotation: Concerning a notch
hinge bearing a bending moment around its rotation axis, the
maximum angular displacement θmax arises when the maximum
stress σr

max , which occurs at the outermost surface of the thinnest
portion of the hinge, reaches to the allowable stress σa .

Referring to [9], the relationship between the maximum stress
and maximum rotation of the flexure hinge can be calculated by

σr
max =

E(1 + β)9/20

β2f(β)
θmax (23)

where β = t/2r is a dimensionless geometry factor with the
valid range of 0 < β < 2.3 and f(β) is a dimensionless com-
pliance factor defined in [9] as

f(β) =
1

2β + β2

[
3 + 4β + 2β2

(1 + β)(2β + β2)

+
6(1 + β)

(2β + β2)3/2 tan−1
(

2 + β

β

)1/2 ]
.

(24)

For each of the four limbs of the XY stage, the rotation
angles of links associated with the amplifier and other links can
be derived as

φ1 =
(d1/2)√
l21 + l22

φ2 =
(x/2)

l8
(25)

which arrive at the maximum values once the stage is actuated
with a full stroke of the PZT. Under such a case, we have
d1 = AaQ and x = AsQ.

Substituting the maximum rotation angles described by (25)
into (23) allows the derivation of the relationships√

l21 + l22 ≥ E(1 + β)9/20naAaQ

2β2f(β)σy
(26a)

l8 ≥ E(1 + β)9/20naAsQ

2β2f(β)σy
(26b)

which will provide a guideline for the design of the stage di-
mensions without the risk of inelastic deformations.

2) Maximum Tensile Stress Calculation: The maximum ten-
sile stress subject to the axial load may occur on the thinnest
portions of flexure hinges constructing the displacement am-
plifiers or other links of the stage, which can be determined
by

σt
1 =

Fin

Smin
=

KinQ

wt
(27a)

σt
2 =

FDy

Smin
=

(AaQ/d22)
wt

(27b)

where Smin denotes the minimum cross-sectional area of the
hinge.

The aforementioned two stress equations give the relation-
ships between the stiffness/compliance values and architecture
parameters of the stage as follows:

wt

Kin
≥ naQ

σy
(28a)

wtd22 ≥ naQAa

σy
(28b)

which provide another guideline for the design of the stage
dimensions without the risk of plastic failures.
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B. Dynamics Analysis

1) Dynamics Modeling: In order to fully describe the free
vibrations of the XY stage, the independence of the secondary
stages should be considered. Thus, six generalized coordinates
are selected as

q = [q1 q2 u1 u2 u3 u4 ]T (29)

which are sufficient, as elaborated in Fig. 7. The kinetic and
potential energies (T =

∑
Ti and V ) for the entire stage can be

expressed in terms of the generalized coordinates only. For in-
stance, the kinetic energy T1 for limb 1 and the potential energy
V for the entire stage are shown in Appendix A. Substituting
the kinetic and potential energies into Lagrange’s equation

d

dt

∂T

∂q̇i
− ∂T

∂qi
+

∂V

∂qi
= Fi (30)

allows the generation of dynamics equation describing a free
motion of the stage

Mq̈ + Kq = 0 (31)

where the mass and stiffness matrices take on the forms

M =




M11 0 0 M14 0 M16

0 M22 M23 0 M25 0

0 M32 M33 0 0 0

M41 0 0 M44 0 0

0 M52 0 0 M55 0

M61 0 0 0 0 M66




(32)

K = diag {K11 K22 K33 K44 K55 K66} (33)

whose matrix factors are shown in Appendix B.
Based on the theory of vibrations, the mode equation can be

derived as

(K − ω2
j M)Φj = 0 (34)

where the eigenvector Φj (for j = 1, 2,. . ., 6) represents a mode
shape and eigenvalue ω2

j describes the corresponding natural
cyclic frequency, which can be obtained by solving the charac-
teristic equation

|K − ω2
j M| = 0. (35)

Then, the natural frequency can be computed as fj = (1/2π)ωj .

TABLE III
NATURAL FREQUENCIES OF AN XY STAGE

2) Model Verification With FEA: The dynamics equation for
the evaluation of natural frequency of the XY stage is verified
by the modal analysis via FEA undertaken with ANSYS. Al-
though only the first natural frequency is mostly concerned for
the design and control purposes, the frequencies of the first six
modes are obtained and tabulated in Table III. Taking FEA re-
sults as the benchmark, one can observe that the established dy-
namics model overestimates the stage natural frequencies with
deviations less than 15%.

Moreover, the mode shape vectors Φj corresponding to natu-
ral cyclic frequencies ωj are calculated as well. The elements of
each vector describe the vibrational displacement magnitudes of
the selected generalized coordinates (29), and hence, interpret
a mode shape of the mechanism. The six vectors are assembled
into a mode shape matrix, which is uniformed with respect to
the mass matrix, and is shown as (36), at the bottom of this
page.
Additionally, the first eight mode shapes extracted by ANSYS
are illustrated in Fig. 12, where the first six ones are consis-
tent with the mode shape matrix (36), and hence, validate the
accuracy of the established dynamics model as well. Besides,
it can be identified that the secondary stages (with coordinates
u1 to u4) in the four limbs are the major sources of lowest fre-
quency vibrations, as shown in Fig. 12(a)–(d). In addition, the
two translational vibrations of the stage occur at the fifth and
sixth modes, and the rotational vibration exhibits the seventh
mode, as illustrated in Fig. 12(e)–(g), respectively. The vibra-
tions of the secondary stages of four decouplers account for the
eighth mode depicted by Fig. 12(h). Furthermore, it is observed
that the rotational resonance frequency (310.3 Hz) is over twice
higher than translational resonance frequencies (135.7 Hz).
Therefore, the designed stage has only two translational mo-
tions since the parasitic rotation is substantially reduced. On the
other hand, the resonance vibrations of the four limb secondary
stages should be suppressed to widen the bandwidth of struc-
ture, which leads to one new direction for our further research
works.

Φ = [Φ1 Φ2 Φ3 Φ4 Φ5 Φ6 ]

=




0.0123 −0.0001 0.0000 0.0000 −0.2446 0.0000

0.0001 0.0123 0.0000 0.0000 0.0000 0.2446

0.0211 3.5546 −3.5339 0.4909 0.0000 −0.3513

3.5546 −0.0211 0.4909 3.5339 0.3513 0.0000

0.0211 3.5546 3.5339 −0.4909 0.0000 −0.3513

3.5546 −0.0211 −0.4909 −3.5339 0.3513 0.0000




. (36)
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Fig. 12. First eight mode shapes of the XY stage obtained by ANSYS.

VI. DIMENSION OPTIMIZATION OF THE XY STAGE

In order to develop an XY micromanipulator for practical
applications, it is a key step to determine its dimensions by si-
multaneously taking into account its performances. To increase
the natural frequency of the stage, the mobile platform mass
is reduced by removing unnecessary mass. The stroke of the
two PZT is assigned as 20 µm. Additionally, the FEA results
for the stage performances are taken as true values. Considering
that the analytical models overestimate the stage performances
with deviations around 15%, a compensation factor η = 0.85
is adopted in the optimization process to compensate for the
derived models.

A. Optimization Statement

With the selection of natural frequency of the stage as an
objective function, the optimization is stated as follows.

1) Maximize: Natural frequency (f ).
2) Variables to be optimized: r, t, l1 , l2 , and l8 .
3) Subject to:

a) amplification ratio ηAs ≥ 6;
b) input stiffness value ηKin/ ≤ KPZT ;
c) output compliance ηCθz

out ≤ 0.5 mrad/N·m;
d) free of inelastic deflections guaranteed by (26) and

(28) with a safety factor na = 1.5;
e) parameter ranges: 2.5 mm ≤ r ≤ 6 mm, 0.3 mm ≤

t≤2 mm, 5 mm≤ l1 ≤ 20 mm, 1 mm≤ l2 ≤ 5 mm,
and 30 mm ≤ l8 ≤ 100 mm.

As far as a material with a specific thickness (w = 12.7 mm
in this research) is concerned, five parameters (r, t, l1 , l2 , and l8)
need to be optimized since other parameters can be designed by

considering the length and width of the PZT with the addition of
a proper assembling space. The amplification ratio of the stage
is specified to guarantee a travel range not less than 120 µm for
the mobile platform. The input stiffness should not exceed the
minimum stiffness of the adopted PZT, i.e., KPZT = 10 N/µm.
And the output rotational compliance of the stage with respect to
the z-axis Cθz

out = CB (6, 6) is constrained to ensure the manip-
ulation accuracy with external forces exerted. Meanwhile, the
stage should be designed with the elimination of plastic failures
for the safety reason. The upper bounds for design variables are
all limited so as to generate a compact manipulator.

B. PSO and Results

The PSO is adopted in the current problem due to its superi-
ority of performance over other methods such as direct search
approach and genetic algorithm (GA) [41], [42].

The optimization is implemented with MATLAB via a
PSO toolbox [43], and the optimized dimensions are: r =
2.50 mm, t = 0.46 mm, l1 = 10.87 mm, l2 = 1.86 mm, and
l8 = 56.00 mm (see Figs. 7–9), which leads to an XY stage
with As = 6.0, Kin = 10.0 N/µm, Cθz

out = 0.44 mrad/N·m, and
f = 115.6 Hz, respectively.

VII. PERFORMANCE EVALUATION WITH FEA

A. Performance Test of the Optimized Stage

The performance of the optimized XY stage is tested by FEA
with ANSYS software package. The simulation results exhibit
that the stage has a workspace size around 124 × 124 µm2 indi-
cating an amplification ratio of 6.2. Besides, the input stiffness
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is 9.9 N/µm, the rotational output compliance is 0.46 mrad/N·m,
and the natural frequency is up to 110.2 Hz, which reveals the
efficiency of the performed optimization. When the stage trans-
lates along the x-direction due to the actuation of PZT 1 with an
input displacement 20 µm, the crosstalk of the mobile platform
in the y-direction is 0.03% and the parasitic rotation around the
z-axis is 0.9 µrad, which are all neglectable, and hence, indicate
a well-decoupled motion of the stage. In addition, the maxi-
mal transverse displacement at the output end of decoupler 2
is less than 0.5 µm, i.e., less than 0.5% of axial displacement
of the decoupler, which implies the well isolation property of
the actuators. Furthermore, the nonlinear statics FEA results in
a linear relationship between the input force and corresponding
displacement, which means that there is no stress stiffening in
the XY stage.

B. Misalignment Effect of Actuation Axis

As is observed that, instead of direct actuation, the proposed
XY TDPS are driven by two PZT actuators through two decou-
plers to realize the actuation isolation. It is commonly assumed
that the actuation axis of each PZT actuator is vertical to axial
direction and parallel to lateral direction of the corresponding
decoupler. Nevertheless, the actuation axis may be misaligned
due to assembly errors of PZT in practice. In order to simulate
this situation, the effects of misalignment of actuation axis on
stage performances and decoupler lateral displacement are in-
vestigated via FEA. When the stage is driven by PZT 1 with a
displacement of 20 µm along with different misaligned angles
for the actuation axis, the FEA results are described in Table IV.

It can be observed that, with a misaligned angle of the ac-
tuation axis within 5◦, the workspace size and displacement
amplification ratio of the stage as well as lateral displacement
of the corresponding decoupler are obviously influenced as ex-
pected. On the other hand, although the variation tendencies of
cross-axis translation and parasitic rotation of the stage are not
uniform along with the increase of the misalignment angle from
0◦ to 5◦, the influences on these performances are still negligi-
ble, which are contributed by the proposed decoupler and XY
TDPS mechanism with a mirror-symmetric architecture.

VIII. EXPERIMENTAL RESULTS AND DISCUSSIONS

A prototype of the XY micromanipulator designed with op-
timal parameters has been constructed, as shown in Fig. 13.
The stage is fabricated through the wire electrical discharge
machining (EDM) process from a piece of AL7075-T651 mate-
rial, which has a higher strength, elasticity, and lighter mass than
steel material. Two 20-µm stroke PZTs (PAS020 from Thorlabs,
Inc.) are adopted to drive the XY stage, and the PZT is actuated
with a voltage of 0–75 V. The two PZTs are inserted into the
stage with interference fits; hence, no clearances exist between
actuators and the stage, which allows a proper operation without
adoption of preloading springs due to elastic deformations of the
hinges. By mounting two blocks on the mobile platform that are
considered as rigid bodies, the output motions of the stage are
measured by two laser displacement sensors (Microtrak II head

TABLE IV
INFLUENCE OF ACTUATION AXIS MISALIGNMENT ON STAGE PERFORMANCE

Fig. 13. Prototype of the totally decoupled XY parallel micromanipulator.

model: LTC-025-02 from MTI Instrument, Inc.) with a resolu-
tion of 0.04 µm and linearity better than 0.05% over a measuring
range of 2 mm.

First, the parasitic rotation of the XY stage is tested. When
the stage is driven to translate along the x-direction, the mobile
platform displacement in the x-axis is monitored by two sen-
sors that are mounted in parallel with a known distance. By this
approach, it has been calculated that the parasitic rotation of the
mobile platform is less than 1.3 mrad. Second, the motion range
and cross-axis error of the manipulator in the two working di-
rections are tested. When the XY stage is driven by one PZT to
translate along the x (y) direction, the displacements in x- and y-
axis are measured simultaneously to determine the motion range
and crosstalk in two axes. The experiments have been conducted
under the open-loop control. Fig. 14 plots the experimental re-
sults for the motion test along the two axes, where the hysteresis
behavior is induced by the adopted PZT. It is observed that XY
stage has a workspace around 117 × 117 µm2 with the maxi-
mum crosstalk of 1.5% between the two working axes and an
amplification ratio of 5.85 for the XY stage. For the application
of micro-/nanopositioning, the hysteresis effect can be reduced
by designing a sophisticated feedforward or feedback controller.

The experimental results confirm the decoupling motion of
the XY stage. The deviations in the experiment from the FEA
results may arise from manufacturing tolerances of the stage and
misalignment errors of PZT actuation axes. Although the output
decoupling of the XY TDPS is enabled by employing compound
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Fig. 14. Experimental results of motion ranges and cross-axis errors in the x
and y-axis.

parallelogram flexures, the limitation of the mechanism comes
from the compound flexures themselves. It is shown [44] that
a transverse displacement for primary stage of a compound
parallelogram flexure results in a loss of axial stiffness of the
stage, and the relationship between the stiffness and the dis-
placement is nonlinear in nature. Hence, the behavior of stage
stiffness in x (or y) direction influenced by the actuation force
of PZT 2 (or PZT 1) cannot be captured by the current re-
search, since it is based on the matrix method characterizing a
linear relationship only. In this sense, a nonlinear modeling is
expected in the next research step to acquire an accurate model.
Besides, as illustrated in [44], the axial stiffness reduction can
be compensated by adopting compound parallelogram flexures
with certain tilted angles of the four limbs. In our future work,
the effects of titled flexures on stage performances will be in-
vestigated, and the out-of-plane performances of the XY stage
will be studied as well.

IX. CONCLUSION

A conceptual design of a class of totally decoupled XY flexure
parallel micromanipulator is proposed in this paper. The stage
owns both input and output decoupling properties in virtue of
actuation isolation and decoupled output motion, whose proper-
ties are attractive in micro-/nanoscale manipulation. A modified
displacement amplifier with large transverse stiffness is used
to amplify the PZT stroke and provide actuator bearing. The
matrix-based method is applied in the kinematics and dynamics
modeling of the XY stage, and validated by FEA via ANSYS.
Based on PSO approach, the stage architecture optimization is
carried out to achieve a maximal natural frequency under per-
formance constraints on input stiffness, output compliance, and

workspace size. An optimized stage prototype is fabricated for
performance tests. Both FEA and experimental studies show
that the well-decoupled stage has both negligible parasitic rota-
tion and cross-axis coupling errors. In addition, the FEA results
imply that the proposed mirror-symmetric stage along with de-
couplers can tolerate some degree of misalignment errors for
the PZT actuation axis.

Although only the right circular hinge is used in this paper,
any other types of flexure hinges can also be employed into the
designed stage. Furthermore, this concept can be extended to
the design of TDPS with other types of motions as well.

APPENDIX I

Kinetic energy T1 for limb 1 and potential energy V for the
entire stage

T1 =
1
2
(m3 + m4)ḋ2

1 +
1
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with Kr = ∆Mz/∆θz .

APPENDIX II

The factors for the mass and stiffness matrices of the XY
stage

M11 = M22 =m1

(
2A2

s +
2A2
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A2
a

− 2AsAa − 2As

Aa
+ A2
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3
DAsAa
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− 2As

Aa
+ 5A2

a +
1
3
DA2

a + 1
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+ (m3 + m4)

×(4A2
s −4AsAa +2A2

a)+m5

(
5
2
A2

s −5AsAa +
71
6

A2
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+ m6

(
5
2
A2
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1
2
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2
s (39)

M14 = M41 = M16 = M61 = M23 = M32 = M25 = M52

=
1
3
Asm5 (40)

M33 = M44 = M55 = M66 =
4
3
m5 + m6 (41)

K11 = K22 = Kin (42)

K33 = K44 = K55 = K66 =
8Kr

l28
(43)

with D = l21/(l21 + l22 ).
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